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Ideal triangulations of 3-manifolds with boundary

Let M be a compact connected 3-manifold with non-empty boundary
An ideal tetrahedron is a tetrahedron with its vertices removed.

An ideal triangulation of M is a realization of the interior of M as a gluing of some ideal
tetrahedra, induced by a simplicial pairing of the faces.

B.G. Casler, 1965

Every M has an ideal triangulation.

ABD � FEH, BCD � EFG,
ADC � EGH, ACB � FHG

замкнутой неориентируемой поверхностью, поскольку в прот.и:в­
ном случае обращающий ориентацию замкнутый путь на поверх­
ности обращал бы ориентащп() многообразия. Поэтому в случае
ориентируемых склеек особенностей на ребрах заведомо не воз­
никает. 
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Рис. 124 

Рис. 125 

Разберем пример, наглядно показывающий, как может воз­
никнуть особенность типа конуса над тором. Рассмотрим два тет­
раэдра ABCD, EFGH и склеим их грани по правилу ABD++FEH, 
BCD++EFG, ADC++EGH, ACB++FHG. 

Анализ этих склеек показывает, что они ориентируемы и что 
:все вершины склеиваются в одну. Поэтому в результате получа­
·ется многообразие .lvf, имеющее не более одной особой точки.
Чтобы узнать тип особенности, отрежем от тетраэдров уголки
:(рис. 124) и выясним, какая поверхность получается из возни­
�кающих в результате отрезания треугольников. Схема склеи:1ш
-треугольников диктуется схемой склейки тетраэдров. Например.
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Minimal triangulations of 3-manifolds

A triangulation of M is minimal if there is no triangulation of M with fewer tetrahedra.

The number of tetrahedra in a minimal triangulation of M is denoted c∆(M) and
termed the triangulation complexity of M .

Problem.

How to �nd the triangulation complexity of a given 3-manifold.
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V. Turaev � A. Vesnin � E. F., 2016

If T has exactly two edges, and T does not admit a 3-2 Pachner move, then T is
minimal.

A. Ryabkov � E. Shumakova � E. F.,

Minimality of ideal triangulations with exactly three edges.

D. Nigomedyanov � E. F., 2023

Let M be a connected compact 3-manifold with boundary. Then

c∆(M) ≥ β1(M,Z2).
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Two-sided bounds for c∆(M)

Low bounds can be obtained from the information about the hyperbolic volume.

c∆(M) ⩾
vol(M)

v3
,

v3 = 1.01494 . . .

v3 is the volume of the regular ideal
hyperbolic tetrahedron;

every geodesic tetrahedron in H3 has volume
at most v3.
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When the volume does not help.

Every twist knot Kn (depicted on the right) can be obtained by Dehn �lling the red
component of the Whitehead link L (depicted on the left).

vol(S3 \ L) = voct = volume of a regular ideal octahedron in H3 = 3.6638 . . .

Theorem (M. Gromov and W. Thurston)

Let M be a �nite volume hyperbolic manifold with cusps. Let N be a Dehn �lling of
some cusps of M. Then vol(N) < vol(M).

vol(S3 \Kn) < voct
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Exact values of c∆(M): tetrahedral manifolds

We call a cusped �nite volume hyperbolic 3-manifold M tetrahedral if it can be
decomposed into regular ideal tetrahedra.

Theorem.

If the number of tetrahedra is k, then c∆(M) = k.

Proof:

Since M is obtained by gluing k ideal tetrahedra, we have c∆(M) ⩽ k.

c∆(M) ⩾ vol(M)
v3

, where v3 = 1.01494 . . . is the volume of the regular ideal
tetrahedron.

c∆(M) ⩾ k, since vol(M) = k · v3.
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3-manifolds topology and geometry software.

SnapPy is a modern user interface to the Je� Weeks's SnapPea kernel. SnapPy
combines a link editor and 3D-graphics for Dirichlet domains and cusp
neighborhoods with a powerful command-line interface based on the Python
programming language. Can be used under the Sage. Project by Marc Culler and
Nathan Dun�eld.

3-Manifold Recognizer accepts many di�erent presentations of 3-manifolds,
calculates their di�erent invariants and in many cases completely recognizes them.
Project by Sergei Matveev, Vladimir Tarkaev and Chelyabinsk topology group.
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Tabulated cusped manifolds

Burton � Callahan � Hildebrand � Thistlethwaite � Weeks census

Orientable manifolds

Tetrahedra Total Tetrahedral

1 0 0
2 2 2
3 9 0
4 56 4
5 234 2
6 962 7
7 3 552 1
8 12 846 13
9 44 250 1

Total 61 911 30

[S. Garoufalidis � M. Goerner � V. Tarkaev � A. Vesnin � E.F., 2016

There exists 11,580 orientable tetrahedral manifolds up to 25 tetrahedra.
There exists 25,194 non-orientable tetrahedral manifolds up to 21 tetrahedra.
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Exact values of c∆(M): in�nite families of tetrahedral manifolds

Remark.

If N is a k-fold covering of a tetrahedral manifold M , then N is also tetrahedral and

c∆(N) = k · c∆(M).

This gives in�nite families of manifolds with known complexity.

Example: Let Nk be the total space of the punctured torus bundle over S1 with

monodromy

(
2 1
1 1

)k

.

[S. Anisov, 2005]

c∆(Nk) = 2k.

Proof: Nk is the k-fold covering of the �gure-eight knot complement N1.
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Exact values of c∆(M): almost tetrahedral manifolds

We say that a triangulation of a cusped �nite volume hyperbolic 3-manifold M with k
tetrahedra is almost tetrahedral if

(k − 1) · v3 < vol(M) < k · v3.

If such a triangulation exists, we say M is almost tetrahedral.

Whitehead link (L5a1) complement (m129)
4 tetrahedra, vol = 3.66386237671 . . .

Borromean rings (L6a4) complement (t12067)
8 tetrahedra, vol = 7.32772475342 . . .
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Tabulated cusped manifolds

Burton � Callahan � Hildebrand � Thistlethwaite � Weeks census

Orientable manifolds

Tetrahedra Total Tetrahedral Almost Tetrahedral

1 0 0 0
2 2 2 0
3 9 0 9
4 56 4 50
5 234 2 144
6 962 7 358
7 3 552 1 675
8 12 846 13 1 467
9 44 250 1 3 239

Total 61 911 30 5 942

Theorem.

If T is an almost tetrahedral decomposition of M with k tetrahedra, then c∆(M) = k.
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Example: complements of 2-bridge knots and links.

p p pa1 p p pa2

p p pa3

p p pp p p
p p pp p p p p pan

p p pa1 p p pa2

p p pa3

p p pp p p
p p pp p p p p pan

We can represent a two-bridge link K(p/q) by using Conway's notation as

p/q = [a1, a2, . . . , an−1, an] = a1 +
1

a2 + · · · + 1

an−1 +
1

an

.

Here aj denotes a number of half-twists.
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Exact values of c∆(M): an in�nite family of almost tetrahedral manifolds

[M. Ishikawa � K. Nemoto, 2016]

If p/q = [2, 1, 1, . . . , 1, 2], then ctet(S
3 \K(p, q)) = 2n− 2.

Proof:

[M. Sakuma � J. Weeks, 1995] and [M. Ishikawa � K. Nemoto, 2016]: constructed
ideal triangulations of S3 \K(p, q) with 2n− 2 tetrahedra.

[C. Petronio � A. Vesnin, 2009]
based on [D. Futer � E. Kalfagianni � J. Purcell:, 2008]:

vol(S3 \K(p, q)) > (2n− 2.66) · v3.
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C. Adams, Thrice-punctured spheres in hyperbolic 3-manifolds, 1985

Let M be a �nite volume hyperbolic 3-manifold. Let S be an incompressible
thrice-punctured sphere properly embedded in M . Then S is isotopic to a
thrice-punctured sphere S′ properly embedded in M such that S′ is totally geodesic in
the hyperbolic structures on M .

Let S be an incompressible thrice-punctured sphere in an orientable �nite volume
hyperbolic 3-manifold M . Let M ′ be the 3-manifold obtained by cutting M open along
S and then reidentifying the two copies of S by an orientation-preserving
homeomorphism of S. Then M ′ is hyperbolic with the same volume as M .

One can cut two �nite volume hyperbolic 3-manifolds M1 and M2 open along embedded
incompressible thrice-punctured spheres S1, and S2 contained in M1 and M2,
respectively, and then glue copies of the thrice-punctured spheres together to yield a
hyperbolic 3-manifold M with volume equal to the sum of the volumes of M1 and M2.
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How to construct a new almost tetrahedral manifold

Example

If M is a �nite volume hyperbolic 3-manifold with an ideal triangulation TM containing
an embedded thrice-punctured sphere SM which is realized by two faces of the
triangulation, then SM is suitable for the Adams method.

Tetrahedra Tetrahedral Almost Tetrahedral

4 0 2
5 2 0
6 0 9
7 0 23
8 0 16
9 0 63
10 29 ?

tetrahedral mfd + almost tetrahedral mfd = new almost tetrahedral mfd
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Ideal triangulations and dual standard polyhedra

We switch from the viewpoint of ideal triangulations to the dual viewpoint of standard
polyhedra.

simple polyhedron

genuine cell structure

dual polyhedron P of triangulation

simple polyhedron;

genuine cell structure;

P is homotopy equiv. to M .
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Colin Adams

64

in the proof of Theorem 4.1, we check that the edge and completeness conditions are 
satisfied.   D

5. Applications to link complements. Many link complements containing thrice-

punctured spheres are known to be hyperbolic (see, for instance, [1]). Hyperbolicity 
of the link complements imply the thrice-punctured spheres are incompressible. 
Restricting the homeomorphisms used to identify copies of the thrice-punctured 
spheres, Theorems 4.1 and 4.5 yield the following corollaries.

Corollary 5.1. Let L be a link in S3 such that S3 — L is hyperbolic and L has a 
projection for which somepart appears as in Figure 2(a). Let L' be the link obtained by 
replacing that part of the projection of L appearing in Figure 2(a) with that appearing 
in Figure 2(b). Then S3 — L' is hyperbolic with the same volume as S3 — L.

CO

(a) (b)

Figure 2

Note that 53 — L' is obtained by cutting S3 - L open along the twice-punctured

disk bounded by the trivial component shown in Figure 2(a), twisting a half twist

and reidentifying. A full twist would have yielded a manifold homeomorphic to

S3 - L.

Corollary 5.2. Let Lx and L2 be links in S3 such that S3 - Lx and S3 - L2 are

hyperbolic and Lx and L2 have projections as in Figure 3(a). Let L be the link with

projection as in Figure 3(b). Then S3 — L is hyperbolic and v(S3 — L) = v(S3 — Lx)

-Y v(S3 - L2).

CÜ>

(a)

Figure 3

Volume = 3.6638...

[C. Adams, 1986]

Let L1 and L2 be links in S3 such that S3 \ L1 and S3 \ L2 are hyperbolic and L1 and
L2 have projections as in Figure (a). Let L be the link with projection as in Figure (b).
Then S3 \ L is hyperbolic and

vol(S3 \ L) = vol(S3 \ L1) + vol(S3 \ L2).
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Example 1

Tetrahedral manifold S3 \ L8a20.
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Example 2

Tetrahedral manifold = 3-fold covering of S3 \ L8a20.
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Example 3

Almost tetrahedral manifold S3 \ L10n84.
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Example 4

Almost tetrahedral manifold = S3 \ L10n84 + 3-fold covering of S3 \ L8a20.
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Thank you!
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