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INTRODUCTION

@ Valeriy G. Bardakov, Tatyana A. Kozlovskaya, Komal Negi, and
Madeti Prabhakar, Multi-virtual braid groups.

[4 Valeriy G. Bardakov, Tatyana A. Kozlovskaya, Representations of
multi-virtual braid group.

We study multi-virtual braid groups which were introduced by

Prof. Kauffman in 2024. We define some of their subgroups and construct
representations of multi-virtual braid groups by automorphisms of some
groups. We give an answer on a question of Prof. Kauffman on
non-triviality of 2-multi-virtual knots.
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KNOTS AND BRAIDS

Classical Knot theory (KT) «— Braid Groups B,, n=1,2,....
By Alexander’s theorem every link is a closure of some braid.

2 W S
R

4-strand braid S8 and its closure B
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KNOTS AND BRAIDS

Virtual Knot theory (VKT) <«— Virtual Braid Groups VB,, n=1,2,...
L. Kauffman (1996).

3 L. Kauffman, Multi-Virtual Knot Theory,
https://arxiv.org/abs/2409.07499, 82 pp.

Multiple Virtual Knot theory (MVKT) <«— Multiple Virtual Braid Groups
MVB,, n=1,2,... L. Kauffman (2024).
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ELEMENTARY BRAIDS
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ARTIN BRAID GROUP

Artin(1925)
The braid group B,, n > 2, on n strings can be defined as a group

generated by o1,092,...,0,—1 with the defining relations
oioj=0jo;, |i—jl>2.
0j0i4+10;i =0i4+10i0j+1, [=1,2,...,n—2,

Braid group relations
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REPRESENTATION OF B, BY AUTOMORPHISMS OF

FREE GROUP

¢AZ Bn — Aut(F,,),

where F, = (x1,x2,...,X,) is a free group, is defined by the rule
-1
Balor) 4 20 T
i)
Xig1 —> Xj.

Here and onward we point out only nontrivial actions on generators
assuming that other generators are fixed.

Theorem (Artin, 1925): Ker(¢a) = 1.
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PURE BRAID GROUP

There is a homomorphism ¢ : B, — S,, ¢(0j) = (i,i + 1),
i=1,2,...,n—1. Its kernel Ker(yp) is called the pure braid group and
denoted by P,.

(2

1 2 3

The group P, is generated by a;;, 1 <i<j<n.
These generators can be expressed by the generators of B, as follows
2
dji+1 = 0y,
I 2 -1 1ol i ci<
3jj =0j-10j-2...0i4107 0 jq...0; 50, | +1l<y<n
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PURE BRAID GROUP

The generators of B, act on the generator of P, by the rules:
o tajok = aj, where k #i—1,i,j—1,],

-1
0; "8ji+10; = a8ji+1,
0 43jj0i-1 = 31,
-1 R - | —17 4
0; "ajj0; = aj41, [3,-,,-+17 aj; lj#i+1

-1
0j°13jj 0j-1 = aij-1,

- -1
Uj ajj0j = aUa;J+1aij s where

[a,b] = a~tblab = a~lab,
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PURE BRAID GROUP

Ui = (a1j,ai,...,aj-1), [ =2,...,n, asubgroup of P,.
It is known that Uj; is a free group of rank i — 1. P, is defined by the
following conjugation rules (for ¢ = +1):
iy = (ajjang)° aj(ajak)~*,
3im 3k em = (akjamj)aakj(akjamj)_aa m < j,
—&

—& . A€ —e .
Am Akjdim = [3U > mj akj[au y8mil s i< k< m.

a, ~ajas, = akj, k<i<m<jorm<k.

A. Markov (1945) proved that P, is a
semi-direct product of free groups:

5|
Pp=Upx (Up1 % (... x (U3 x Un))...), h/l - E)

U ~F_1, i=23,...,n '

LAY

2
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VIRTUAL BRAID GROUP

L. Kauffman (1996)

Virtual braid group VB, is generated by the classical braid group
B, = (01,...,0,-1) and the symmetric group S, = (p1, ..., Pn—1)-
Generators p; satisfy the following relations:

p?=1 for i=1,2,...,n—1,
PiPj = Pjpi for |i—j| > 2,
PiPi+1Pi = Pi+1PiPi+1 for i=1,2...,n—2.

Also we have mixed defining relations

gipj = pioi for |i—j| =2,

PiPi+10} = Cit1PiPit1 for i=1,2,...,n-2.
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MULTIPLE VIRTUAL BRAID GROUP (GENERATORS)

Let k be a non-negative integer.

Multiple k-virtual braid group kMVB,, presented by L. Kauffman (2024).

[d L. Kauffman, Multi-Virtual Knot Theory,
https://arxiv.org/abs/2409.07499, 82 pp.

This group is generated by elements

o, p\M, i=1,2...,n-1, a=01,... k-1
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1 i-1 i i+1 i+2 n

J | |

GEOMETRIC INTERPRETATION OF GENERATORS

i-1 i i+1 i+2 n
: sie Ho« o
o p.(“)

Geometric interpretation of o; and p¢
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MULTIPLE VIRTUAL BRAID GROUP (RELATIONS), |

Defining relations of kMVB,,.

I. Involutivity of generators:
2
(p,(.a)> —1, i=1,2,....n-1, a=0,1,... k-1

Il. Far commutativity
— homogeneous:

JIUJ - Ujah pf ) (O‘) = pj(a)pga)’ ‘I _J| Z 2;
— mixed (a # f):

it = oV, p\Vp\ = oD, i j| > 2.
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MULTIPLE VIRTUAL BRAID GROUP (RELATIONS), Il

I1l. Braid relations

— homogeneous:
0i0j410] = 0j4+10i0]41,

A A = oA A P =12, 2,

-mixed (6=1,2,...,k—1):

ot 0 = 0, 01,

A0 0, = A2 S0P, =122
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VIRTUAL DETOUR MOVE
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Detour move

June 10, 2025

16 /56



FORBIDDEN RELATIONS

Remark. Relations of the following forms are forbidden
Fl: 00141 pga) = P,(i)l oioit1, 0 < a < k—1;
F2: 0110} pfi)l = P,(-a) 041i0;, 0 < a < k—1;

F3: 0 o2t = ol o o ool = o2 " ok,
oo = o e e 0<y<B<k-L
If Kk =0, then kMVB, is the braid group B,.

If k=1, then kMVB, is the virtual braid group VB,,.
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FanY

FORBIDDEN DETOUR MOVE

FanY
”
FanY
U
o

Forbidden detour move (a > 0)
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SYMMETRIC MULTIPLE VIRTUAL BRAID GROUP

Also, L. Kauffman suggested to study analogous of kMVB,, in which are
allowed detour moves for any types of virtual crossings.

Let kK > 2.
Symmetric multiple k-virtual braid group kMVB, is a group which is
quotient of kMVB,, by the forbidden relations F3.

Remark. Forbidden relation in k//\_/l\\//B,,:
F1: i1 9 = pl%) o0,
$ 0i0i+1 P Piy10i0i+1,

F2: 0110} pfi)l = p?“) O41i0;.
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FLAT VIRTUAL BRAID GROUP

L. Kauffman, S. Lambropoulou (2004) defined some quotients of VB,. In
particular, flat virtual braid group FVB,,.

FVB, is the quotient of VB, by relations
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VIRTUAL PURE BRAID GROUP

Define an epimorphism ¢,: VB, — S, as follows:
en(0i) = pis enlpi) = pi, i=1,2,...,n— 1.
Its kernel VP, = Ker(p,) is the virtual pure braid group.
Define the following elements in VB,;:
Nit1=pior Y, Nxvi=pi(Ng)pi=0; pi, i=1,2,...,n—1,

Aij = Pj—1Pj—2---Pitl ()\i,i+1) Pi+1 ... Pj-2Pj—1,
Aji = pj-1Pj-2 - Pit1 (Nit1,i) Pit1 - - - Pj—2 Pj-1,
1<i<j—-1<n-1.
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DEFINING RELATIONS OF VP,

V. Bardakov (2004)

The group VP, (n > 2) admits a presentation with the generators
Aij, 1 < i # j < n, and the following relations:

Nij Akl = AN,
AkiAkjAij = NijAkj ki

where distinct letters stand for distinct indices.
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ANOTHER EPIMORPHISM OF VB, TO §,

L. Rabenda (2003) defined another epimorphism 1,: VB, — S, as follows:

Yn(oi) =1, Yn(pi) =pi, i=1,2,...,n—1.
We will call its kernel H, = Ker(1,) by virtual semi-pure braid group.

L. Rabenda proved that H, is generated by elements x;;, 1 <i# j < n,
where

Xiit+l = Oi, Xiyli= Pioipi = piXjiy1pi,I =1,2,...,n—1,

Xij = Pj—1""" pi+1(0f)pi+1 T Pj-1s

Xji = pj—1-- pi+1(pioipi)pis1---pj-1,1<i<j—1<n—-1
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DEFINING RELATIONS OF H,

H, is defined by relations:
Xij Xk, | = Xk, 1 Xij
Xik Xkj Xik = Xkj Xi k Xk.js
where distinct letters stand for distinct indices.

L. Rabenda (2003)
VB, = Hp % Sp,

where S, = (p1,...,pn—1) acts on the set by permutation of indices.
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MULTIPLE VIRTUAL PURE BRAID GROUP

(0)

For simplicity we shall denote p; = p;

We know that a group which is generated by p1, p2, ..., pp—1 is
isomorphic to the symmetric group S,,.

Define a map on the generators

Onk: kMVB, = S,, oi— pi, pl(-a) — pi,

i=1,2,....n—1, a=1,2,... k—1.

This map induces an epimorphism and the kernel ker ¢, , is the multiple
virtual pure braid group kMVP,,.
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MULTIPLE VIRTUAL SEMI-PURE BRAID GROUP

Also, we can define a second map on the generators

Gnie: kMVB, = Spy o751, ot s p;,

i=1,2,....,n—2, a=1,2,... k—1.

This map induces an epimorphism and the kernel ker 1), , is the multiple
virtual semi-pure braid group kMVH,,.
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GENERATORS OF kMVP,

Let us define the following elements in kMVB,,:

0 _ -1

i+l = PiT;

0) _ +(0) L =1
)‘,'4_17,' = Pi /\;,,'_5_1 Pi=0; Pi,

fori=1,2,....,n—1, and
0 0
/\,(-,j) = Pj-1Pj—2 - Pitl Aﬁ,,-)ﬂ Pit1 -+ Pj—2 Pj—1,
RO O .
i T Pj=1Pj=2 s Pikl Ajyy i Pidl - Pj=2 Pj—1s
/\gf-) = pj-1Pj-2--Pi+1 A§,ﬁ,-)+1 Pit1 - - Pj—2 Pj-1,
for1<i<j—-1<n-1 0<f<k-—1.
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MULTIPLE VIRTUAL PURE BRAID GROUP

THEOREM 1. [ V.Bardakov, T.K., K.Negi, M.Prabhakar 2025]
kMVP, admits a presentation with the generators

A AD 1<i<j<n 0<a<k-1,

and the following relations:

)\(0‘)/\(,) — )\E(,))\fjo‘), 0<a<pB<k—1,

ADADND Z\O\ONO g < k<

)

AONIND = NNDND 1 <i<j<k<n 1<a<k-1,

where distinct letters stand for distinct indices.
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STRUCTURE OF kMVB,

COROLLARY 1. [ V. Bardakov, T.K., K. Negi, M. Prabhakar]

@ kMVB, = kMVP, x S,,.

@ 0\ |1<i#j<n VP,

@ Forany a € {1,2,...,k — 1} holds (A | 1 < i #j < n) = FVP,.
@ If n =3, then kMVP; = VP; x (FVP3)*(k=1),
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ACTION OF S, ONTO kMVP,

We have decomposition kMVB, = kMVP,, x S,, and S,, acts on kMVP,, by
the rules

PROPOSITION 1.

Let a be an element of {(p1,p2,...,pn—1) and 3 is its image in S, under
the isomorphism p; — (i,i+1), i=1,2,...,n—1, then for any generator
A of kMVP, the following holds

i

where (k)3 is the image of k under the action of the permutation 3.
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GENERATORS OF kMVH,

Let us define the following elements in kMVH,;:

o C) © _ .
ll+1 Oi, X/Jr = pi ll+110’7

XD =pip? 1< <k-1,

fori=1,2,...,n—1, and

(a) _ ) () . .

= Pj-1Pj=2---Pi+1Xj 11 Pi+1---Pj=2Pj-1;
(0) 0 o

= Pj-1Pj-2- - Pi+1 X7 j Pi+1---Pj—2Pj-1,

for1§i<J—1§n—17 0<a<k-—1.

June 10, 2025
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MULTIPLE VIRTUAL SEMI-PURE BRAID GROUP

THEOREM 2. [ V.Bardakov, T.K., K.Negi, M.Prabhakar 2025]
kMVH, admits a presentation with the generators

XD 1<i#j<n,

)

D 1<i<j<n 1<B<k-1,

and the following relations:
) = XA, 0<a<y<k-1,

OO0 — OO0 1 < jk<n,
AN — DO 1 <icj<k<n 1<B<k—1,

where distinct letters stand for distinct indices.

V.

June 10, 2025
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PROPERTIES OF kMVH,

COROLLARY 2. [ V. Bardakov, T.K., K. Negi, M. Prabhakar]

® kMVB, = kMVH, % S,.

@ () [1<i#j<n)=H,

@ Forany § € {1,2,...,k — 1} holds (x{") | 1 <i#j < n)= FH,.
@ If n =3, then kMVH3 = H; « (FH3)*(k—1).
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ACTION BY S,

We have decomposition kMVB,, = kMVH,, x S,, and S, acts on kMVH,
by the rules

LEMMA 1.
Let a be an element of {(p1,p2,...,pn—1) and 3 is its image in S, under
the isomorphism p; — (i,i+1),i=1,2,...,n—1, then for any generator

X of kMVH, the following holds

1 (o). («x
AT Xage

where (k)a is the image of k under the action of the permutation 3 and
we use the relations

X8 = (X.(.ﬁ))_l, 1<B<k-—1.

v
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KNOWN REPRESENTATIONS OF VB,

V. Vershinin defined the representation ¢y : VB, — Aut(F,):

-1
Xj — XiXi+1X; =,
Xi+1 > Xj,

Xi —> Xi+1,
Xjy1 — Xj.

ev(ai): { ev(pi): {

This representation has the nontrivial kernel for every n > 2.

V. Manturov and independently V. Bardakov defined the representation
omg: VB, — Aut(F,H_l), Foi1 = <X17 X2y .. ,x,,,y):

-1

-1 y

. Xj > XiXj11X: . Xj — X
ema(0i): _ o ems(pi): ' .
Xi+1 — X, Xi+1 — Xi .
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KNOWN REPRESENTATIONS OF VB,

D. Silver and S. Williams defined the representation
wsw: VB, — Aut(Fp ni1), where

1 )
Frnt1 = Fn* Z"™ = (x1,x0,. .., Xn, v, U1, U, .., Up):
Xi > XXt x; Ui — Ujyq
. i iX: P . i i+1,
psw(oi): { T psw(oi): { : .
Xjiy1 —> X;, Ujt1 —— Uj,
Xi ? Xi+17 uj ? ul'+1a
wsw(pi): wswl(pi) :
Xj+1 — Xi, Uiyl — Uuj.

Boden - Dies - Gaudreau - Gerlings - Harper - Nicas defined the
representation pgp: VB, — Aut(Fp,2):

1

_u -
Xj > XiXji+1X; Xj — Xit1

vep(0i): vBp(pi): '
Xit1 —> X', Xiy1 — X7

June 10, 2025
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GENERALISATION OF THE PREVIOUS
REPRESENTATIONS

V. Bardakov, Yu. Mikhalchishina, M. Neshchadim (2017)

The representation ¢p: VB, — Aut(F, ) defined by the action on the
generators

1
X; — XiX; X Vi —— V;
om(oi): { ' T om(o): { I IH’

X,'+]_ — X,', V,‘+]_ — V,‘,
vl
: Xj — X; | . Vi > Vit1,
em(pi): § 7 ity em(pi): _ _
Xjy1 — X; s Vit1 %

Any of representations ¢y, pmB, Psw, 8D can be get from @ y.
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NONTRIVIAL KERNELS OF KNOWN
REPRESENTATIONS

O. Chterental proved that the representation ¢pg of the group VB, is not
faithful for every n > 4.

O. Chterental (2015)

The element b = (a;1p102p3)3 € VB, lies in the kernel of the
representations opp.

V. Bardakov, Yu. Mikhalchishina, M. Neshchadim (2017)

For every n > 4 the element b lies in the kernels of sy and ¢gp, but
does not lies in the kernel of ¢p.
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REPRESENTATION OF kMVB,

Let Fpun = Fn* Zkn where F, = (x1,X2,...,Xn) is the free group and
Zkn = <a§a), aga), e ag,a)), is the free abelian group.
Put
-1 ;@) (@)
Xj > XiXj+1X; — a s
Py(0i): A by (o)): ; i+1
o 5 o {
-1
Xj — a(a)X,'+1 (a(a)> ,
() ' ' @y, [ &™),
Oulei™) : Pulei ) o a'(t)
a)\ a i+1 )
o (D)

forall i=1,2,...,i—1, a=0,1,..., k—1.
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REPRESENTATION OF kMVB,

This representation is an extension of the Artin representation
B, — Aut(F,).

THEOREM 3. [ V.Bardakov, T.K., 2025]

The map ¢y, k =1,2,..., defines representations of kMVB, and kMVB,
into Aut(Fp kn).

COROLLARY 3. [ V. Bardakov, T.K., 2025]

The representation @, : kMVB, — Aut(Fp k) is not faithful for all n > 2
and k > 1.
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FAITHFULNESS

It is not difficult to see that for n =2 and k > 1 the group kMVB; is
isomorphic to kMVB,.

QUESTION 1.
For which values n > 2 and k > 1 the representation

—~—

&y : kMVB, — Aut(Fp xn)

is faithful?
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GROUP OF LINK

Let £ be the set of all links in R3.
A group G(L) of a link L € L is a group 71(R3\ L).

Artin, (1925)
If L is isotopic to 3, where 3 € B,, then

G(L) = (x1,x2, .-, xn || xi = a(B)(x;), i=1,2,... n).

June 10, 2025
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GROUPS OF VIRTUAL LINK

Assume that we have a representation ¢: VB, — Aut(H) of the virtual
braid group into the automorphism group of some group

H={(hi,hy,....hpm || R),
where R is the set of defining relations.

The following group is assigned to the virtual braid g € VB,:

G’L/)(B) = <h17h27‘ . '7hm H R, hi == w(ﬂ)(h/), i = 1,2,. . .,m>.

The group Gy, is an invariant of virtual links if the group Gy (f) is

isomorphic to Gy (') for each braid 5’ such that the links B and B are
equivalent.
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GROUPS OF VIRTUAL LINK

Using the representation pp: VB, — Aut(F, ) we can define a group of
virtual link.

V. Bardakov, Yu. Mikhalchishina, M. Neshchadim (2017)

Given 3 € VB, and ' € VB, the two virtual braids such that theirs
closures define the same link L, then Gp(8) = Gu(S').
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TOPOLOGICAL APPROACH TO GROUPS
OF VIRTUAL LINK

In the paper:

@ J. S. Carter, D. Silver, S. Williams, Invariants of links in thickened
surfaces, Algebr. Geom. Topol., 14 (2014), no. 3, 1377-1394.

suggested another approach to the definition of virtual link groups, which
used interpretation of virtual link as a classical link in a thickened surface.
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KNOT INVARIANT OF MULTIPLE VIRTUAL LINKS

Assume also, that we have a representation

®: kMVB, — Aut(H).

For a multiple virtual braid 5 € kMVB, define the following algebraic
system:

A¢’(6) = <h17h27" '7hm H R7 hf = q)(B)(hl)? = 1727"'7m>'

This algebraic system A is an invariant of multiple virtual links if Ae(5)
is isomorphic to Ag (') for each braid 5’ such that the links 5 and (3’ are
equivalent.
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2-VIRTUAL LINKS AND THEIR INVARIANTS

2-virtual link diagram is a diagram on the plane with three types of
crossings: classical and two types of virtual crossings:

N
AN

3 types of crossings

2-virtual link is equivalent class of 2-virtual link diagrams by generalized
Reidemeister moves.
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TWO TYPES OF HOPF LINKS
Trivial link and Hopf link with different crossings
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KNOTS WITH ONLY VIRTUAL CROSSINGS

Hopf link with two virtual crossings is not equivalent to a disjoint union of
two circles.

L. Kauffman suggested the following question (see [Kauf-24, p. 39]).

4 L. Kauffman, Multi-Virtual Knot Theory,
https://arxiv.org/abs/2409.07499, 82 pp.

QUESTION

Is it true that any single component diagram, decorated only with two
virtual crossings, reduces by detour moves to a circle.
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KNOTS WITH ONLY VIRTUAL CROSSINGS

THEOREM 4. [ V.Bardakov, T.K., 2025]

There are 2-virtual knots with only virtual crossings which are not
equivalent to the trivial knot.
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KISHINO KNOT

The Kishino knot is a non-trivial knot that is the connected sum of two
trivial knots.

Kishino knot

There are different proofs that it is non-trivial.

June 10, 2025

51/56



FLAT KISHINO KNOT

If we take flat crossings instead of the classical crossings, we get the flat
Kishino which also is non-trivial.

Flat Kishino knot
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FLAT KISHINO KNOT

L. Kauffman and V. Manturov (2005) proved that that the flat Kishino
knot is non-trivial.

They constructed a virtual biquandle for flat Kishino which is different
from virtual biquandle of the trivial knots.

By this biquandle we can define a free module M over some rings and two

linear maps
SSViMxM—Mx M.

These maps give a representation of the flat virtual braid group

V: FVB, — Aut(M)
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REPRESENTATION OF 2MVB,

Using
V: FVB, — Aut(M),

we can construct virtual biquandle BQy(3) for any g € FVB,,, which is
invariant of the flat virtual link 3.

Since there is a homomorphism
QMVBn — FVBn, oj v\ Ti, pPirrpPi, Ti—T,

the virtual biquandle BQy(/3) is, in fact an invariant of 2-virtual knots.
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CLASSICAL, FLAT AND MULTI VIRTUAL KNOTS

Kauffman (2024) proved that the classical knot theory embeds in the
multiple virtual knot theory.

QUESTION

Is it true that the virtual knot theory (flat virtual knot theory) embeds in
the multiple virtual knot theory?

It is true for the corresponding braid groups.
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