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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Focusing NLS equation reads
ivi+2lvPv 4+ vix =0, x,teR.

Multi rogue waves solutions of the NLS equation are quasi
rational solutions:

_ 2iBt _ N(x, 1)
v==¢ R(th)7 R(th)_ D(X,l‘)’
Here N(x, t), D(x,t) are polynomials of x and t, and
deg N(x,t) =deg R(x,t) =n(n+1),

V3| = B2, X2+ >

> 0,

The rational function R(x, t) satisfies the 1D Gross-Pitaevskii
equation:

iR +2R(|R|> — B?) + Rix =0, |R| =|v|.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Below we take B= 1,V = 0,¢ = 0. The whole set of solutions

with any B can be obtained by applying the scaling
transformation, phase transformation, and Galilean

transformation:
v(x,t) — Bv(Bx, B?t), v(x,t) = v(x,1)e”,
v(x,t) — v(x — Vt, t)exp (iVx/2 — iV?t/4),

preserving the NLS equation.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

2n
o(k) =Y @(ik), ¢j€R,
=1

_exp(kx + ik?t + ®(k)) D, K2 9
B Gon(K) © KT k2 1ok

f(k,x,t):

fi(x, ) = Dk, X, 1) |kt
forj(X, 1) := DITVF(K, X, ) [ty =1,
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Consider two Wronskians:

W1 = W(f1,...,f2n) EdetA, A// = a)/(*1 f-7

W2 = W(f-],...,fgn, f)
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Multi-rogue solutions to the focusing NLS equation |

The function v(x, t) defined by the formula
Wo
V(X 1) = ~0en(0)e”" " ko (1)
represents a family of nonsingular (quasi)-rational solutions to

the focusing NLS equation depending on 2n independent real
parameters ;.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Peregrine solution

The case n = 1 is well known: we obtain the original Peregrine

solution taking ¢4 = 0 and ¢, = @. It takes especially simple
forme form if one use variables X = 2x, T = 4t:

A1 +iT) \ 70
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

: n=1 solution for
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

For n = 2 the higher analog of Peregrine breather (which we
call P, breather), found in 1995 by AEK reads:

G(X,T)+ iH(X, T))
QX,T) ’

Q= (T? + X2+ 1)° + 24(X® + 4T% — X?T?) + 8,
G:=5T*+X*4+6X2T2 +6X%2+18T2 -3,
H:=T°4+2T3 + TX* - 15T 4272 — 6 TX?.

It is clear that its magnitude reaches absolute maximum value 5
at the point (0,0). Q and G are even functions both of X and T.

His an odd function of T and an even function of X. This
property is preserved for higher Peregrin breathers discussed

below.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

General structure of the P, breathers of the rank n

Pn(x, t) = (1 —(=1)""'2n(n+ 1)G(X’ T,n) +iHX, T, ”)> T2

Q(X,T,n)

Q~ (X2+T2)n(n+1)/2, H ~ T(X2+T2)n(n+1)/2—1, X2+T2 = 00,

deg Q(x,t) = n(n+1), degG=n(n+1)—2, degH = n(n+1)—1,
Q(n) = Q(0,0, n) = 12732(=152(=2) " (2n — 1), Q(n) > 0.

Numerical evaluations show that the central peak of the
|Pn(x, t)| is always surrounded by n(n+ 1) — 2 smaller maxima
and there are always n(n+ 1) minima .
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Q(cr;(;)”  CIIE) gt (”* 2) = [(2n+ 1)1

Q(2n) = —(2n+1)G(2n), Q@2n—1)=(2n—1)G(2n—1),

G(2n—1)>0,G(2n) < 0,Vvn>1

From this structure it follows that

Pn(0,0) = (—1)"(2n+1), n>1.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Deformations of P, breathers to the generic multi
rogue waves solutions

In general case the P, breathers (with a central maximum fixed
at the origin) can be deformed in such a way that the phases y;
can be represented as a linear combinations of the new bf real
valued parameters o, 3;, j=1,2,...,n—1,in such a way that
the polynomials Q(n), G(n), H(n) become the polynomials of
degree 2n — 2 with respect to these parameters having an
advantage that the P, breather itself corresponds to the choice
a;j = B; = 0, which was not the case of a ¢ parametrisation
described above.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Deformed polynomials

Q(n,x,t,aq,B1,...,an_1,8n-1), H(n,...) and G(n,...) always
have the same leading term of asymptotics, when

X2 4+ T? — o0, as the non deformed polynomials .
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

From ¢; — («, ) parametrization:n = 2.

Let
3+5
o1 =3p0. co=20u+ Y \f10- 205,
o = 2(5+ /5)sin(r/5) — 484,
,3::96@3

. Therefore «, 5 are fixed by the choice of ¢3, 4 and the
condition o = 8 = 0 is equivalent to

1 .
01 =p3=0,p4 = ﬂ(5 +V/5)sin(w/5)

op = %(7 + 2/5)sin(x /5)
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

va(x, 1) = e (1 - 1260’()(’53&’”;";()(’ T)> ,

Go(X,T):=G(X,T)+28X -2aT,

Hy(X, T) :== H(X, T) + a X2 + 28 TX + a(1 — T?),

Qd(X7 T)
QX,T)—28X3—6aT3X?+68(T%+1)X

—2a T3 —18a T + 52 + a2
This new parametrization is now free of irrational factors. When
a? 4 62 = o0
iT/2 —_ Q2it

Vo(X, t o, B) = € =¢e

Va(x,t,0,0) = Pa(x, t).
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Symmetry of the deformed solution ux(x, t, «, 3).

UZ(Xa taaaﬁ) = u2(_X7 ta _OZ?ﬂ) = Dg(X,—t,Oé, _B)
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Figure: Amplitude of the solution to the NLS equation for n = 2
with po = 1 and ¢ = w3 = w4 = 0 on the left,
and p4 =1 and ¢y = @2 = 3 = 0 on the right.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

Plot of the Magnitude of P> breather.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevst

When the parameters «, 8 are small enough the related
deformation of the higher Peregrine breather keeps its extreme
rogue wave character i.e. the maximum of its magnitude is very
close to 5 and a plot of the solution is quite similar to what we
have when o = 5 = 0.
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General multi-rogue wave solution for n=3

n = 3 : a, f-parametrisation.

aq:=48(p3 — 5ps), ap =480(p3 — 13¢s),
By = 8(12( 4y — p4) + IMlw(1 + w)?))
B = 32(60( 86 — 4) + IM[@(1 — 2)?]).

w = e "7,
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General multi-rogue wave solution for n=3

#1

P2
768(,03

1 920(,04
38405
768006

33 — 55 e/
sin(m

204 — 396 + FT—cos(r/7)

260[1 — Q2

—4081 + p2 + 96(3sin(w/7) + 8sin(2r/7) + 2sin(37/7))
1001 — o
—20161 —‘rzﬁg + 32(4sin(w/7) + 14 sin(27/7) + sin(37 /7)),

Vladimir B. Matveev Killer Waves in AKNS and KP-I hierarchies



General multi-rogue wave solution for n=3

X, T iHa(X, T ;
Vs(X7t,Oé1,51,a2752)=(1—2463( 1) + iHe(X, )>e’T/2,

(X, T)
Ga(X,T) = X0 41572 4 1)X8 + 328 gn(T)X"

H3(X, T)

TX0 4+ 5(T% — 3T + B1)X® + 328_o hn(T)X"

(X, T) = (1+X2+T%)8% — 2004 X% — 60(2T% — 51T — 2)X8 + 437 gn(T)X".
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General multi-rogue wave solution for n=3

gg = 50T*—60T2+808T +210

g5 = 12004 T2 — 18ap + 3000

gy = T70TS —150T* + 2008 T° + 45072 + 308, T — 450 + 15002 — 5052

g5 = 400a;T* + (3000c; — 60cp) T2 — 800cvs B4 T — 600cvy — 60cxp

g2 = 4578 1 4207T° 4+ 6750T* — (600081 — 1808,)T° — (30002 — 90082 + 13500) T2
+(360081 + 1808)T — 675 — 300a2 — 30082

91 = 28004 T® 4 (1500 — 21000r1)T* + 80001 B4 T3 — (3600c; — 540a0)T?
+(120Bpx¢ + 120001 B1 — 120cp31) T — 200y 52 — 900y — 90crp — 20003

g = 11710449578 — 1208, T7 4 21907% — (428, + 120083;)T°

+(350a2 + 15082 — 7650) T* + (660081 — 4208,) T3
— (210052 + 2025 — 1208581 — 120apay + 900a2) T2 + (20003 B4 + 20083 — 908,) T
+675 + 15002 + 6a2 + 150582 + 633.
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General multi-rogue wave solution for n=3

hg = 10T — 14073 4 403, T? — 150T + 603 — 585

hs = 40aqT® + (60ay — 18ap)T + 40cv1 B4

hy = 1077 —210T° 4508, T* — 450T3 + 158, T2 — (5082 + 1350 — 150a3)T
+15081 — 156,

hy = 80ayT° + (10000; — 200rp) T — 400c; By T? — (1800cr; — 60c) T
42000 81 + 2081 — 20ap B4

hy = 5T° —60T7 + 171075 + (458, — 210081)T* + (30082 — 6300 — 100a2) T3

+(180081 — 9082) T2 + (4725 + 30003 + 30082)T — 1358, — 10085
—100a% By — 9008;

hy = 40y T71 + (30c, — 1140x1) T® + 200cv1 B4 T* — (24001 — 60crp) T3
+(60B0x1 — 60crp By + 600r1 1) T2 — (900cry + 450crp + 2000 + 2001 52) T
+60p81 — 608201

hy = T' 42579 158,78 — 87077 + (4081 — 782)T® + (702 — 9630 + 3053)T°
+(585081 — 7562)T* + (408281 + 40apay — 2475 — 90002 — 130052) T3
+(100a2 By + 49585 + 10083) T2 + (63 + 4725 — 240apcry — 2408234
+75082 + 662 + 75002)T — 20028, — 67581 — 458 — 100035, — 10083
+40agaq By + 20828,
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General multi-rogue wave solution for n=3

3ap — 30a

—60T* + 4084 T3 + 12072 — (158, — 6084)T + 3582 + 1503 + 580

300y T* — (27ap — 90aq) T2 + 1201 B4 T — 27crp + 54004

3081 T° — 360T* + (158, + 60081) T + (3360 + 22502 — 7582)T2

+(1358, — 135081)T + 22582 — 30agay + 525a2 — 3082681 + 840

4001 T8 + (195001 — 15a) T* — 4001 B1 T + (90ap + 4500c1) T2

+(60B0xy — 1800a1 81 — 600rp/31) T — 450y + 10003 + 1000y B2 — 1350,
6078 4 336076 — (162081 — 2762)T® + (22542 — 75a% + 19560) T+

— (1620081 — 2708,) T + (45002 — 9120 + 405082) T2

+(67582 + 270081 — 30085 — 30003 81) T + 3036 + 903 — 180apa

+22582 + 22502 + 985 — 1808234

1504 78 + (150cp — 900r1) T8 + 1200 81 TS + (4050ep — 5400011) T4

+(3000cr B4 — 60cp By + 60821 T® + (14850rp — 300y B2 — 13500y — 300a3) T2
+(5408z0r1 — 540ap81)T + 30003 — 120ay 8182 — 60apad + 135arp + 60ap 2
4300y 82 + 2025011

30710 — 58, T° + 93078 — (24081 + 382)T7 + (1582 + 3820 + 35a3)T®
+(171081 — 15382)T° + (308231 + 30agay — 97542 + 35940 — 75a2)T*
+(10083 + 1000284 + 1358, — 2340051) T3

+(955 + 23286 + 90(%27 3608231 — 360cpary + 472502 + 832552) T2
+(120ap0q B1 — 6003 By — 150005 31 + 6052 B — 742531 — 6756, — 150083)T
+506 + 982 + 10087 + 67502 + 100af + 9a3 + 90881 + 2000252

+67582 4 90apay.
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Multi-rogue waves solutions of NLS equation and KP-| equation

Solutions of the NLS equation above provide 2n-parametric
family of the smooth rational solutions to the KP-I equation:

Replace t by y and o3 by t. Obviously the function

(k. x,y.1) = exp(kx + iK%y + K3t + 6(K)),

where
(k) == d(k) — p3k®,
satisfies the system

_ft — fxxx, fy — _ifXX — 0

Vladimir B. Matveev Killer Waves in AKNS and KP-I hierarchies



Multi-rogue waves solutions of NLS equation and KP-| equation

The same is true for the functions f;, defined above if we denote
t by y and ¢3 by —t. Now from (Matveev LMP 1979 p.214-216)
we get following result:

Theorem
u(x,y,t) =202log W(fy,..., by =2(|v|? — B?)

is smooth rational solution to the KP-I equation. It is obvious

that .

/ U(X»yat)dXZO,

—0O0

and

u(x,y,t) > —28?
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Multi-rogue waves solutions of NLS equation and KP-| equation

THEOREM:

For given B and n the maximal value the solutions of KP-I
equation described by the theorem above is given by the
formula:

max_u(x,y,t) = 8B%n(n+1).
x,y,teR
The solutions of KP-I equation given by the previous theorem
depend on 2n real parameters ;, ,j # 3, representing the
action of the KP-I hierarchy flows. The phases ¢1, 2
correspond respectively to space and time translations.
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Multi-rogue waves solutions of NLS equation and KP-| equation

This maximum value (i.e. 48) for n =2, B = 1 is attended at the
point x = y = t = 0 provided that

1 .
p1=0,p3 =t,pa =5, (5+ V5) sin(r/5)

oy — ;(7 + 25) sin(7/5)
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Multi-rogue waves solutions of NLS equation and KP-| equation

For n=3 the related absolute maximum of uv equals 96 attended
atx =y =1t=0, with

w4 = 3sin(w/7) + 8sin(27/7) + 2sin(37/7) /20,

ve = (4sin(w/7) + 14sin(27/7) + sin(37/7) /240,

sin(w/7)
2 = 204 =306+ GE T o8 (m/7))
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Analogs of Peregrine breather solutions for AKNS hierarchy

The AKNS hierarchy

\UX == U\V,
Vi,

s
I

where

U=+ U0 Vi=20U+ V2, Viyq =22+ VP, k>1
1 k+1

(=i 0 (0 Y
s (3 0) (2 ).

The compatibility condition (V) = (W, )x implies that :
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Analogs of Peregrine breather solutions for AKNS hierarchy

[, V] =2(U0)yx, [, VRiql = 2(Vi)x +2[VQ, L0, k=1,

1
(U0 = (V) + [VE, U] = U, VA

The later equation is equivalent to the system of two coupled
scalar nonlinear PDE’s

representing the k -th member of the (non reduced) AKNS
hierarchy.
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Analogs of Peregrine breather solutions for AKNS hierarchy

Under the condition ¢ = —1) this system becomes a single
scalar equation for the . The k-th member of the reduced
AKNS (RAKNS) hierarchy can be written in the form

T/’tk = "ka("L/}; 1;))

the first five of these equations obviously can be obviously
written as

iwﬁ + H1 (w) = 07 wl‘g + HZ(w) = 07 _iwl‘s + H3(w) = O?
4, + Ha(¢) =0, iy + Hs(¢) =0

where Hi are explicit differential polynomials of ¥ and ),
described below.
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Analogs of Peregrine breather solutions for AKNS hierarchy

The first three equations of the RAKNS hierarchy are widely
known: the first one is the focusing NLS equation with t; = ¢,
the second one is a modified complex KdV equation :

Pty + Vxxx + B[1)2x = 0.
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Analogs of Peregrine breather solutions for AKNS hierarchy

The 3-d member of RAKNS hierarchy (known as
Lakshmanan-Porcesian-Daniel equation) with t3 = —t :

it + Urooex 4 8|1 [Phax + 2020k + 61020 + 4|ty [ + B[ *y = 0.

The less known is a 4-th RAKNS equation:

b+ + 1001 [Pt + 200t + 10( |1 [200) x + 300 *ahx = 0.

Next , i.e. the 5-th equation of the RAKNS hierarchy is much
longer: the related function Hs contains 16 different terms:
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Analogs of Peregrine breather solutions for AKNS hierarchy

RAKNS-5 equation

it + 0% + 1200 P + 20 Dot
30¢xxx¢x1/_f + 18¢xxx1/”;x + wad”/_)xxx-f—
+ 50t [1hx |2 + 50%x 1] 4+
2002 B + 22[rux|20) + 2002 + 20[0b b2 Dyt
1003 ()2 + 7002 [ 2 + 60]4[2]1hx |2 + 20[ (8 = 0.
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Scaling invariance of the n-th RAKNS equation

It is easy to check that the n-th equation of the RAKNS
hierarchy is covariant with respect to a following scaling
transformation

Y(x, 1) = q(ax,q" '), g >0.

In particular, this means that the study of the solutions of the
n-th RAKNS equation with asymptotic magnitude g can always
be reduced to the case g = 1.

A priori, it is not obvious that the analogs of Peregrine
breathers,

corresponding to all RAKNS equations, having the analytical
form

as simple as for the NLS equation do exist. This is what we'll
explain now.
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Scaling invariance of the n-th RAKNS equation

Suppose that fx are the time variables of the RAKNS hierarchy

and
V3
Y1 = 07 P2 = T7

t= t1, Y3 = —2t2, Y4 = —3t3, Y5 = —6t4, Y6 = —101’5,
n(n—1
@n:—(z)tn_1, n=1,...

)/\(3:2()(—901 +3p3 —5p5+...) =2(x — 6+ 30l +...)
T =4(t+V3/4—po+204—3ps+...) = 4(t; —6t3+30t5+. . .).
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Scaling invariance of the n-th RAKNS equation

P, breathers for first 5 members of AKNS hierarchy

THEOREM. The function
woo (12 2040 ) ity -sti106)
X2+ T2+1

is a joint rational solution of the first 5 equations of reduced
AKNS hierarchy.

Obviously this gives the description of the analogs of Peregrine
breather for these 5 equations .
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Scaling invariance of the n-th RAKNS equation

g A+ ait ot
4x2 + 1612 + 1 ’

1 4(1 +1T)
4(x — 612 +T2+1)"

(
[ o

P <1_ 4(1 + 24it) >e5”,
(

4x2 + 57612 + 1
. 4(1 +1iT)
4(x —30t)2+T2+1)’

4(1 + 120it) .
5 (4 20it
P _<1 4x2+14400t2+1>e ‘

T above means an arbitrary real number. Observe that only P3
and P} have the behavior similar to the genuine Peregrine

Vladimir B. Matveev Killer Waves in AKNS and KP-I hierarchies




Mixed equations generated by the RAKNS hierarchy

Mixed RAKNS equation | :Hirota equation

An idea to generate them is to set t = fi for certain values of k
simultaneously.
Hirota equation (known since 1973) has a form

i + aHy () — iBHz(y) = 0.
It is easy to see that it has a solution given by
V(x,at,—fBt t, ... ),

where V(x, ty, by, ..., fx) is any solution of first k flows of AKNS
hierarchy.
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Mixed equations generated by the RAKNS hierarchy

Next mixed RAKNS model equations

RAKNS; _3 equation:

iht + aHy () — iBHa(v) + v Ha(v) = 0.

Its solution is given by W(x, at, —Bt, —y1t,. .., l), where the
times t, k > 4 play the role of parameters . (this equation was
partially analyzed by many authors ). The RAKNS;_4 and
RAKNS; _s models are described by the following two nonlinear
PDE’s : 1

it + aHy (1) — iBH2(¥) + v1H3(¢) — iv2Ha(v) = 0,

it + aHy () — iBHa () + v1H3(¥) — in2Ha(v)) + v3Hs (1)) = 0.
'3 =0,~; = 0 case of the first equation below was considered in

Phys.Rev.E 91 (2015) by A.Chowdury , N.Akhmediev, other cases were never
died
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Mixed equations generated by the RAKNS hierarchy

Rank 1 solutions of the mixed models

1 4(x + 6812 + 16(at)Z + 1 !
p1-3_ (1 _ 4(1 + 4iaqt) 2ilot3m)t

1 4(x + 651)2 + 16(a1)2 + 1 ’
pi-4_ (1_ 4(1 +4iaqt) G2i(a+3y)t

1 4(x + 6511)2 + 16(at)2 + 1 ’
p1-5 _ (1_ 4(1 + 4iaot) 2i(at31-+10y)t

1 4(x + 65,12 + 16(at)2 + 1 ’

ar:=a+6y, Br:=0+572, az:=a+6y +30s.
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Mixed equations generated by the RAKNS hier:

Rank 2 solutions for first five RAKNS equations

Rank 2 solution already discussed above for NLS case can be extended in order to give the solutions of RAKNS
equations with k < 5:

GX, Ty, T, T3) +iH(X, Ty, To, T it; —6i i
Wa(X, Ty, To Ta) = 118X T T2, T3) + (X, Th, T2, o)\ iy 6ty 20it5
QX, Ty, Tp, T3)

G(X, Ty, Ta, Tg) =(X2 +3T2 +3)% — 4T} 4+ 2XT, + 2Ty T3 — 12,

H(X, Ty, To, Ta) =Ty (X2 + T2 +1)2 4 2XT{ T + Ta(T2 — X2 — 1) — 8Ty (X2 + 2),

QX, Ty, Tay Ta) =(X2 + T2 +1)% + T2 4 2XTo(3T? — X% +3) + T2 + 2Ty To(T2 — 3X% + 9)+
+ 24T} — 24T2X? 1 96T + 24X% + 8.

This formula provides the solutions of first 5 RAKNS equations under the following choice of X, Ty, T, and T3 and
of phases:
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Mixed equations generated by the RAKNS hierarchy

X = 2x + 603 — 105,
Ty =4t + 8p4 — 126,
Ty = 963 — 480¢s,
Ty = 19204 — 7685.

p1 =3k, ¢@p =413 —10t5, @3 =—l+10l, ¢4 =—t3+10t5.
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Mixed equations generated by the RAKNS hierarchy

X=2(x—6t+30t4+...,)
Ty =4(t — 63+ 3065+ ...,)
To=-96(b — 104 +...,)
T3 =—192(f3 — 10t5 + .. .)
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Mixed equations generated by the RAKNS hierarchy

rank 2 solution of the mixed RAKNS;_5 , equation

G(X, T4, To, T3) +iH(X, Ty, To, T: i
(X, T1,T2,T3):<1712 (X, Ty, T2, T3) (X, T4, T2 3)>e2l(&+3‘y1+10"{3)f’

QX, Ty, Tp, Tg)

X = 2[x + (68 + 30v2)t], To = T5(0) + 96(8 + 102)t,
Ty = T1(0) + 4(a + 61 + 3073)t, Tz = T3(0) + 192(~y¢ + 10y3)t,

The formula above contains all (quasi)-rational solutions of rang 2 of RAKNS(1 _5) equation
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Conclusions

The main new result is that the same formula for NLS with a
functions & containing, for a given rank n, more then n phases
,(possibly depending on time variables of the RAKNs hierarchy
in a linear way ) , - can be used as an universal tool for
description of the MRW solutions of any rank for all members of
AKNS hierarchy , thus simplifying their analysis and providing
further opportunities for new experiments in nonlinear optics.
Here we illustrated this point only by the applications to the first
5 members of RAKNS hierarchy, restricting ourselves by the
small rank solutions, but similar results can be easily obtained
for higher ranks.
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Conclusions

THANK YOU FOR YOUR ATTENTION !
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