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Ñêðåùåííûå π-êàòåãîðèè

Ïóñòü C � êàòåãîðèÿ, íà êîòîðîé âûäåëåí îáúåêò 1, òåíçîðíîå ïðîèçâåäåíèå
⊗ è ñåìåéñòâà èçîìîðôèçìîâ

{aU,V,W : (U ⊗ V )⊗W → U ⊗ (V ⊗W )}, {lU : U → U ⊗ 1, rU → 1⊗ U}.

C íàçûâàåòñÿ ìîíîèäàëüíîé êàòåãîðèåé, åñëè

(IdU ⊗aV,W,X)aU,V⊗W,X(aU,V,W ⊗ IdX) = aU,V,W⊗XaU⊗V,W,X ,

aU,1,V (lU ⊗ IdV ) = IdU ⊗rV .
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Ñêðåùåííûå π-êàòåãîðèè

Äâîéñòâåííîñòüþ íà C íàçûâàåòñÿ ñîïîñòàâëåíèå êàæäîìó îáúåêòó U
íåêîòîðîãî U∗ è ìîðôèçìîâ ðîæäåíèÿ è óíè÷òîæåíèÿ
bU : 1 → U ⊗ U∗, dU : U ⊗ U∗ → 1 òàêèõ ÷òî

(lU)
−1(IdU ⊗dU)aU,U∗,U(bU ⊗ IdU)rU = IdU ,

(rU∗)−1(dU ⊗ IdU)(aU∗,U,U∗)−1(IdU∗ ⊗bU)lU∗ = IdU .
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Ñêðåùåííûå π-êàòåãîðèè

Ïóñòü π � ãðóïïà, K � êîëüöî, C � àääèòèâíàÿ íàä K ìîíîèäàëüíàÿ
êàòåãîðèÿ, C =

⊔
α∈π{Cα}α∈π ãäå ìåæäó îáúåêòàìè èç Cα è Cβ åñòü òîëüêî

íóëåâûå ìîðôèçìû, êîãäà åñëè α ̸= β. Ïóñòü äâîéñòâåííîñòü íà C ñîïîñòàâëÿåò
U ∈ Cα îáúåêò U∗ ∈ Cα−1 , è òåíçîðíîå ïðîèçâåäåíèå â C ñîõðàíÿåò ðàçáèåíèå:
U ⊗ V ∈ Cαβ ïðè U ∈ Cα, V ∈ Cβ.

Ïóñòü C ñíàáæåíà ãîìîìîðôèçìîì ãðóïï φ : C → AutC, òàêèì ÷òî
ôóíêòîð φα = φ(α) îòîáðàæàåò ïîäêàòåãîðèþ Cβ â Cαβα−1 . Òîãäà êàòåãîðèÿ C
íàçûâàåòñÿ ñêðåùåííîé π-êàòåãîðèåé.

Ï. Ï. Ñîêîëîâ Ìíîãîìåðíàÿ àáñòðàêòíàÿ ÷åïóõà 20 èþëÿ 2024 4 / 12



π-àëãåáðû Ôðîáåíèóñà

Ïóñòü K � êîëüöî, π � ãðóïïà.

K-àëãåáðà L íàçûâàåòñÿ π-ãðàäóèðîâàííîé, åñëè K =
⊕
α∈π

Lα, ãäå Lα �

ïðîåêòèâíûé K-ìîäóëü êîíå÷íîãî òèïà è LαLβ ⊂ Lαβ.

Åñëè η : L⊗ L → K � ñèììåòðè÷åñêàÿ áèëèíåéíàÿ ôîðìà íà L,
óäîâëåòâîðÿþùàÿ íåêîòîðûì àêñèîìàì, òî (L, η) íàçûâàåòñÿ àëãåáðîé

Ôðîáåíèóñà.
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Ñêðåùåííûå π-àëãåáðû

Ïóñòü (L, η) � π-àëãåáðà Ôðîáåíèóñà, φ : π → AutL. Òðîéêà (L, φ, η)
íàçûâàåòñÿ ñêðåùåííîé π-àëãåáðîé åñëè:

1. Àâòîìîðôèçì φβ = φ(β) ñîõðàíÿåò áèëèíåéíóþ ôîðìó η.
2. φβ|Lβ

= Id .
3. Äëÿ âñÿêèõ a ∈ Lα è b ∈ Lβ âûïîëíåíî φβ(a) ∈ Lβαβ−1 è φβ(a)b = ba.
4. Äëÿ âñÿêîãî c ∈ Lαβα−1β−1 âûïîëíåíî

Tr(cφβ : Lα → Lα) = Tr(φα−1c : Lβ → Lβ).

[TDIM2] Turaev V. Homotopy �eld theory in dimension 2 and group-algebras
//arXiv preprint math/9910010. � 1999.
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Ïðèìåð

Ïóñòü {θα,β ∈ K∗} � íîðìèðîâàííûé 2-êîöèêë ãðóïïû π ñî çíà÷åíèÿìè â
ìóëüòèïëèêàòèâíîé ãðóïïå K∗, ò.å. θ1,1 = 1 è

θα,βθαβ,γ = θα,βγθβ,γ.

Ïóñòü Lα � ñâîáîäíûé K-ìîäóëü ðàíãà 1 ñ ïîðîæäàþùèì lα. Óìíîæåíèå
çàäàäèì ôîðìóëîé lαlβ = θ(α, β)lαβ. Ïîëîæèì

η(lα, lα−1) = θα,α−1 .

Òîãäà ñóùåñòâóåò åäèíñòâåííûé ãîìîìîðôèçì φ : π → AutL òàêîé ÷òî
φβ(lα)lβ = lβlα. Ïóñòü L =

⊕
Lα. Òîãäà (L, φ, η) � ñêðåùåííàÿ π-àëãåáðà.
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Â ðàáîòå [TDIM2] ïîêàçàíî, ÷òî ïîëóïðîñòûå ñêðåùåííûå π-àëãåáðû (ò.å.
òàêèå àëãåáðû L, â êîòîðûõ êîìïîíåíòà L1 ïîëóïðîñòà), ìîæíî ñâåñòè ê
àëãåáðàì, ïîñòðîåííûì â ïðèìåðå íà ïðåäûäóùåì ñëàéäå.

Â ðàáîòå [TDIM3] ñòàâèòñÿ âîïðîñ î êëàññèôèêàöèè π-àëãåáð äëÿ
íåêîòîðûõ êëàññîâ ãðóïï π (â ò.÷. öèêëè÷åñêèõ èëè àáåëåâûõ) è î ïîñòðîåíèè
ïðèìåðîâ òàêèõ àëãåáð, íå ÿâëÿþùèõñÿ ïîëóïðîñòûìè.

[TDIM3] Turaev V. Homotopy �eld theory in dimension 3 and crossed
group-categories //arXiv preprint math/0005291. � 2000.
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Ïóñòü π � ãðóïïà è K � êîììóòàòèâíîå êîëüöî ñ åäèíèöåé. Ââåä¼ì
îòîáðàæåíèå I : π → K, ãäå I(α) = 1 ïðè α = 1 è I(α) = 0 èíà÷å.

Òåîðåìà 1

Ïóñòü A � êîììóòàòèâíàÿ àëãåáðà íàä êîììóòàòèâíûì êîëüöîì ñ åäèíèöåé K,
π � ãðóïïà è A[π] � ãðóïïîâàÿ àëãåáðà íàä A. Ïóñòü

(·, ·) : A⊗ A → K

� ñèììåòðè÷åñêàÿ áèëèíåéíàÿ ôîðìà, ñîõðàíÿþùàÿ óìíîæåíèå, è

φ : π → Innπ ⩽ Autπ : φ(α) = φα : β 7→ αβα−1.

Ââåä¼ì ôîðìó
η : L⊗ L → K, η(να, µβ) = (ν, µ)I(αβ).

Òîãäà (L, φ, η) � ñêðåùåííàÿ π-àëãåáðà íàä K.
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Ïðåäëîæåíèå 2

Âñÿêàÿ ñêðåùåííàÿ Z2-àëãåáðà êîììóòàòèâíà.

Ïðåäëîæåíèå 3

Ïóñòü L = A[π] =
⊕

α∈π Lα � ãðóïïîâàÿ àëãåáðà, π � öèêëè÷åñêàÿ ãðóïïà è
φ : π → AutL òàêîâî, ÷òî φα|Lα = Id, φα(Lβ) ⊂ Lβ. Òîãäà φ � òðèâèàëüíûé
ãîìîìîðôèçì.

Åñëè π íå ÿâëÿåòñÿ öèêëè÷åñêîé, òî ïðåäëîæåíèå 3 íåâåðíî. Íàïðèìåð,
π = Z2 ⊕ Z2 = ⟨α⟩ ⊕ ⟨β⟩, φα : (α, β) 7→ (α,−β), φβ : (α, β) 7→ (−α, β).
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Ïðåäëîæåíèå 4

Ïóñòü π = Z2 ⊕ Z2 = ⟨α⟩ ⊕ ⟨β⟩, φα : (α, β) 7→ (α,−β), φβ : (α, β) 7→ (−α, β). Íè
äëÿ êàêîé áèëèíåéíîé ôîðìû η òðîéêà (L, φ, η) íå ÿâëÿåòñÿ ñêðåùåííîé
π-àëãåáðîé.

Ïðîáëåìà

Îïèñàòü ñêðåùåííûå π-àëãåáðû äëÿ ñëó÷àåâ, êîãäà π � êîíå÷íî ïîðîæä¼ííàÿ
àáåëåâà ãðóïïà.
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Ñïàñèáî çà âíèìàíèå!

Ï. Ï. Ñîêîëîâ Ìíîãîìåðíàÿ àáñòðàêòíàÿ ÷åïóõà 20 èþëÿ 2024 12 / 12


