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Braid Groups



Artin braid groups

E. Artin [1925] defined a braid group B,, n > 1, as follows.

Generators:
@y @Ry o 0 0 o Tl
Braid Relations:
0i0i110; = 0it100it1, f=dhooop@=2% (1)
o;0j =00, ‘i—j|22. (2)

Denote by i, : B, — B,.1 an injective homomorphism such that o; € B,
goes to ip(0j) = 0; € Byyq for i=1,...,n— 1. It induces the sequence
of group inclusions

BicBcC...cB,C...



Geometric braids

Geometric generators of the braid group B, on n strands in R3:

1 i i+1 n 1 i i+1 n
C \Y/ ) C \// )
C 7S ) C 7N )
agj 071
Let ¥, be the symmetric group on n symbols {1,..., n}. Consider
transpositions s; = (i,i +1) € X, where i =1,...,n— 1.
Remark. Transpositions s, s, ..., s, 1 satisfy braid relations.

There is the unique homomorphism 7, : B, — X, such that 7,(0;) = s;
for i=1,...,n— 1. Since ¥, is generated by transpositions
S1,5,...,S,_1, the homomorphism 7, is surjective.

The kernel P, = Ker(m,) is known as the pure braid group.



Braids and Knots

A knot K is a smooth embedding of St into R®. Two knots K; and K>
are said to be equivalent if there is an isotopy of R3 taking K to Ko.

Theorem. [J. Alexander, 1923] Every knot in S3 can be represented as a
closure of a braid.

For any braid 3 € B, denote it's closure by 3.

Ve

B=o03€B, g B is the trefoil knot %

s



Automorphism group of a free group

Let IF,, be a free group of rank n with free generators {xi,...,x,}, and
Aut(F,) be the automorphism group of IF,,.

Theorem. [E. Artin, 1925] There is an embedding ¢, : B, — Aut(F,) of
the braid group B, given by

Xi =7 Xiy1,
( ) . -1
Pnl0i) =\ Xig1 > X 1 XiXiq1,

Xj = Xj, JFi, i+ 1.



Braid groups and mapping class groups

Let S = Sg 1., denote a 2-manifold of genus g with b boundary
components and n punctures, and let Diff " (S) denote the group of all
orientation preserving diffeomorphisms of S.

Let assign the compact—open topology to Diff " (S) making it into a
topological group.

The mapping class group M = Mg, of S is mo(Diff " (S)), that is, the
quotient of Diff"(S) modulo its subgroup of all diffeomorphisms of S
which are isotopic to the identity rel 9S. We allow diffeomorphisms in
Diff (S) to permute the punctures.

Theorem.! There is a natural isomorphism

B, = Mo 1,n.

1J. Birman, Braids, links and mapping class groups. 1974.



Disc with punctures

Let S = Sp1,, be a disc with n punctures, m1(S) = F, = (x1,..., Xy).

Generator o; induces the following geometric action on generators x; and
x;+1 of the fundamental group 71(S):

Xi = Xi+1,
(07) - ™
©nl0i) * § Xjr1 — Xip 1 XiXi+1,

Xj = Xj, JjFEILi+1

Action on the boundary 0S5 is identity: ©,(0) @ x1x2 ... Xy —> X1X2 . . . Xp-



Virtual Braid Groups




Virtual diagrams and virtual knots

A virtual knot is a smooth embedding of S into handlebody H, of some
genus g. Two virtual knots K7 and K5 are said to be equivalent if there is
an isotopy of H, and stabilizations/destabilizations of the handlebody
that send Kj to K.

A virtual knot can have virtual crossings in a projection on a plane if the
knot goes along a handle. A virtual crossing is marked by a small circle.



Virtual braid group

L. Kauffman [1999] defined virtual braid groups VB,, n > 2, with
generators o1, ...,0,_1,01,--., 0, 1 and the following defining relations:

e relations for classical and virtual generators:

p? =1, 1<i<n-1,
0i0i110; = 0iy10i0it1, PiPit1Pi = Pit+1PipPi+1, 1<i<n—2,
G B = @ Oy Pi Pj = Pj Pis li—Jj| > 2.

e mixed relations:

Pi Pit10i = Oit1 Pi Pit1, 1<i<n—2,
pigj = 0j pi, li—j| > 2.

Theorem.? Any virtual link can be presented as a closed virtual braid.

2S. Kamada, Braid presentation of virtual knots and welded knots, Osaka J. Math.,
44 (2007), 441-458.
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Geometric generators

Classical generators:

Virtual generators:
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Representation of virtual braid groups by automorphisms

Representations VB, — Aut(G,), where G, is a group, were studied
intensively in last years. It was done for the following groups G,,:

o G, =T, +Z"1 by D. Silver, S. Williams [2001];

e G,=TF,, by H. Boden, E. Dies, A. Gaudreau, A. Gerlings,
E. Harper, A. Nikas [2015];

o G, =F,«7Z?"*! and G, =F, *Z", by V. Bardakov,
Yu. Mihalchishina, M. Neshchadim [2017].

All the constructed representations are not faithful.

12



Flat Virtual Braid Groups




Flat virtual braid group

L. Kauffman [2000] introduced flat virtual braid groups FVB,, n > 2,
with generators o1,...,0,_1,p1,---,p, 1 and the following defining
relations:

e relations for classical and virtual generators:

U?zl, /),2:1, 1<i<n-1,
0i0i410i = 0iy10i0ixl, PiPitlPi = Pit1PipPit1, 1<i<n—2,
0j0j = 0j0j, Pi Pj = Pj Pis li—jl =2

e mixed relations:

PiPi+10i = Oiy1 Pipiv1, 1<1<n—2;
pigj = 0j pi, li—j| > 2.
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Flat virtual knots

From now we will not distinguish over/under crossings. Consider a virtual
analog of the trefoil knot.

=\

Then we will get a collection of curves on a handlebody. An equivalence
of two curves is defined similar to the equivalence of virtual knots.

The class of equivalent curves is called a flat virtual link, in particular we
get a flat virtual knot in the case of one curve on a handlebody.
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Geometric generators

Flat classical generators, o; ' = o;:

I

Virtual generators:
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Forbidden relations

M. Goussarov, M. Polyak, O. Viro [2000] demonstrated that the following
relations do not hold in VB, (and so, in FVB,):

IA

PiCit1 i = Oiy1 0 Pisl, 1<i<n-2,

Pi+10i0ir1 = O; Oit1 Pi, 1<i<n-2.

These relations are called forbidden relations.

Problem.3 Does there exist a representation of FVB, by automorphisms
of some group such that the forbidden relations do not hold?

3R. Fenn, D. llyutko, L. Kauffman, V. Manturov, Unsolved problems in virtual knot
theory and combinatorial knot theory, Banach Center Publications, 103 (2014), 9-61.
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Main Results




Flat virtual braids and free groups

Consider the free group Fo, = (x1,..., Xy, ¥1,- .., ¥n) of rank 2n.

Let ©,: FVB, — Aut(F,,) be a correspondence which sent generators
o, pi € FVB, to the following automorphisms:

Xi = Xiy1 G (¥i, Yit1)s

xi = Xiy1 ai(Vi, Vie1), Xiv1 = X di(yi yic1),

en(Ui): i i+1 I(YI/YH-I) en(lli): i+1 i ,(y, y,+1)
Xiy1 + X bi(yi, yit1), Vi & Vidt,
Yiv1 = Vi,

where elements ai(yi, yi+1), bi(yi, yit1), €i(yi, yis1) and di(yi, yis1) are

words in the free group Fy of rank 2 with free generators {y;, yi+1},
where 1 </ <n-—1.

Question. For which words a;(y;, yi+1), bi(yi, yi+1), ci(vi,yi+1) and
di(yi, yit+1) the correspondence ©, is homomorphism?
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The infinite family of local representations

Theorem 1. [V. — Chuzhinov, 2023]

The correspondence ©,, : FVB, — Aut([F,,) is homomorphism if and
only if

bi(yi,yit1) = a; "(vi,yie1)s (i, Yir1) = yivn,  dilynyie) =y
where m; € Z for 1 <i<n—1 and

3j(vj yir1) = vipr -1 (v ye)y; 0, 2<j<n—1,
for n > 3, where a; = w(y1, y») for some word w(A, B) € F, = (A, B).

Moreover, ©, does not preserve forbidden relations.

Representations ©,, are local in the following sense: ©,(c;) and ©,(p;)
act trivially on x; and y; for j # i,i + 1.

)
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Automorphisms corresponding to classical generators

Since a representation ©,, depends on a word w € > and a vector of
integers m = (my, ..., m,_1), we denote it by ©%>™. Then

X1 = Xo Wiy, Y2),
Oy : b
xo = x1 (w(yn, y2)) 0,

and
i—1
Xi = Xjt1 HY,+1 w YI>YI+1 H}’, )
@"W’m(d,')i k i k=1

I —m
Xit1 = X H Yi g }/:7)/:+1) Hyl+1k7
k=i—1

for i > 2, where in the products Hk . and Hk ., indices decrease, as
well as in the products Hk 1 and Hk , indices increase.

The word w is called the defining word for the homomorphism ©%-™.

19



Automorphisms corresponding to virtual generators

For the virtual generators p; the automorphisms of the free group IFy,
with free generators {x1,...,Xn, y1,...,Vn} are defined by

m;
Xi = Xit1Yiiy,

— 5
Xit1 = Xiy;

o)
Yi v Yit1,

Yi+1 = Yi-

In general, the constructed homomorphisms ©%°" are not faithful.

Question. What is the kernel Ker(©%:)?
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Pure and Kure flat virtual braid groups

Let ¥, be the symmetry group generated by transpositions {s;,...,s,-1}
on {1,...,n}, where s; = (i, i+ 1).

Consider subgroup S, = (01, ...,0,-1) < FVB, isomorphic to ¥,. Let
7w, FVB, — S, be a homomorphism defined on generators:

ma(oi) = oy mn(pi) = o, 1<i<n-1.

The kernel FVP, = Ker(m,) is known as the flat virtual pure braid group.

Consider subgroup S| = (p1,...,p,—1) < FVB, isomorphic to ¥,. Let
v, : FVB, — S! be a homomorphism defined on generators:

(o) =1, (o= 1<i<n-1.

The kernel KFB,, = Ker(v,) is known as the kure flat virtual braid group.
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The case n=2

Lemma. Let n > 2. For any defining word w = w(A, B) € F, and any
vector of integers m = (my, ..., m,) the following property holds:

Ker(©¥'™) < FVP, N KFB,.

Theorem 2. [V.—Chuzhinov, 2023]
The presentation ©5°" : FVB, — Aut(F4) with m = (my) is not
faithful if and only if the defining word w € (A, B) is of the form

w(A,B) = AlBle ARB=h  ATkpThpm,

where k; are integers with k; 20 for i =2,....p— 1.
Moreover, in this case Ker(©3"") = FVP, N KFB,.

22



The case n > 3

Theorem 3. [V.—Chuzhinov, 2023|

Let n > 3. For any defining word w = w(A, B) € F, and any vector of

integers m = (my, ..., mp_1) the kernel Ker(©}:™) contains a subgroup
isomorphic 5.

For n > 3 from the above results we get:
F, < Ker(©@%™) < FVP, N KFB,

and
F3 % Z? < FVP, N KFB,.

Open Problems:

e Find FVP, N KFB, for n > 2:
e Find Ker(©%'™) for n > 3.
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Thank you!

vesnin@math.nsc.ru
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